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Dedicated to Ross Geoghegan in honor of his 60 th birthday. 

Abstract. The purpose of this note is to prove that Richard Thompson's group F and 
variants of it studied by Ken Brown are not Kahler groups. 

Introduction 

The purpose of this note is to prove the following: 

Theorem 0.1. Thompson's group F and the generalizations F U)00 and F n forn = 2, 3, 4, . . . 
are not Kahler. 

Theorem 0.1 answers a question of Ross Geoghegan (see Ken Brown's paper in these 
proceedings |Br2|) . 

Thompson discovered the group F in 1965 in the context of his work in mathematical 
logic. Brown and Geoghegan fBrGe] determined that F is of type FP^, thus making F 
the first known example of a torsion free group of type FPoo which is not of type FP. The 
group F has also appeared in homotopy theory fFHj. For more details on the properties 
and history of Thompson's groups F, F„ i00 , and F m the reader may refer to [CFPJ, [BrlJ, 
[EI|, and |BrTTe] . 

A finitely presented group is called a Kahler group if it is the fundamental group of a 
compact Kahler manifold. A central problem in the study of the topology of compact 
Kahler manifolds (for example, smooth projective varieties) is that of determining which 
groups are Kahler groups. For example, according to Hodge theory, the Abelianization of 
a Kahler group must be of even rank (see, for example, (ffij). By jArBRj . a Kahler group 
has at most one end. If M is any Hopf surface, then M is a non-Kahler compact complex 
manifold which has fundamental group Z and 2-ended universal covering C 2 \ {0}. The 
Heisenberg group H of 3 x 3 upper triangular integer matrices with diagonal entries 1 
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has exactly one end and its Abelianization is of rank 2, but H is not a Kahler group 
(see, for example, |.1R| or |Ar|). On the positive side, any finite group is the fundamental 
group of a smooth projective variety. For any positive integer g, the group (a%, ... , a 2g \ 

[ai, a g+ i] [a g , a 2g ] = 1) is the fundamental group of a curve of genus g. In fact, much 

more subtle examples are now known to exist; for example, Toledo's examples of Kahler 
groups which are not residually finite |T]. The problem is, of course, related to that of 
determining which groups are fundamental groups of smooth projective varieties. In fact, 
there are no known examples of Kahler groups which are not also fundamental groups of 
smooth projective varieties. For more details on the study of Kahler groups, the reader 
may refer to the surveys |AmBCKT] and jArJ. 

We give two proofs that Thompson's group F is not Kahler. The first proof (Section 1) 
relies on the particular properties of F. The second proof (Section 2) gives the following 
more general fact which may eventually yield a proof that other groups of interest are not 
Kahler: 

Theorem 0.2. Let G be a group which satisfies the following: 

(i) Any nontrivial normal subgroup contains the commutator subgroup G com (i.e. every 
proper quotient of G is Abelian), and 

(ii) G is a properly ascending HNN extension. 

Then G and any group containing G as a subgroup of finite index are not Kahler. 

Since F n oo (F = F 2 oo = F 2 ) satisfies the above conditions (i) and (ii) and F nyOQ is a 
(normal) subgroup of finite index in F n for every n > 2 (see, for example, |CFP| and 
|BG| V Theorem 0.1 is a consequence of Theorem 0.2. 

Acknowledgement. We would like to thank Ken Brown and Ross Geoghegan for answering 
our questions about Thompson's group F and Ross Geoghegan for asking the question 
that this paper answers. We would also like to thank John Meier for trying to teach us 
right from wrong in geometric group theory. Finally, we would like to thank the referee 
for helpful comments. 

1. First proof 

For the purposes of this note, X will denote a connected compact Kahler manifold and 
C will denote a connected compact curve (i.e. a compact 1-dimensional complex manifold). 
A remark we will use without comment is a nonconstant holomorphic map from X to C 
is surjective and open. 
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Let / : X — > C be a surjective holomorphic map with connected fibers. Let {p\, . . . ,p r } 
be the set of critical values of / and let m» be the greatest common divisor of the mul- 
tiplicities of the components of the divisor for each i = l,...,r. Let C orb be 
the 2-orbifold with underlying topological space C and singular points pi, . . . ,p r of order 
mi, ... ,77V, respectively. Note that C orb has a unique structure of a complex 1-orbifold so 
that the map / is holomorphic. We recall that, in this situation (see |Ct| . (S3)) the orbifold 
fundamental group 7r° rb (C) is the quotient of iti(C — {pi, . . . ,p r }) by the normal closure 
of { 7™' \ i = 1, . . . ,r}, where 7$ is a simple loop around the point pi for each i. 

Let G = 7Ti(X), The kernel K of the surjective homomorphism 7Ti(X) — > 7r° rb (C) is 
the image in G of the fundamental group of a general fiber of /. In particular, K is a 
finitely generated normal subgroup of G. If the underlying topological surface of C has 
positive genus, then 7r° rb (C) is Z 2 or a cocompact Fuchsian group. Summing up, we have 
the following: 

Lemma 1.1. For G = ni(X), we have an exact sequence 



where K is finitely generated. If C has positive genus, then n" rh (C) is either Z 2 or a 
cocompact Fuchsian group. 

In both proofs of Theorem 0.1, the main point leading to a contradiction is that, if 
F = 7Ti(X) for X Kahler, then X admits such a mapping / : X — > C. In the first proof, 
the main features of the group F which we will use are (see [CFP]): 

1. F is torsion free; 

2. The commutator subgroup -F CO m is not finitely generated; 

3. Any nontrivial normal subgroup contains -F C om; and 

4. The Abelianization F/F com is Z 2 . 

First proof of Theorem 0.1. If F = 7Ti(X) for some connected compact Kahler manifold 
X, then, since the Abelianization F/F com of F is Z 2 (property 4), the Albanese variety is 
an elliptic curve E. Stein factoring the Albanese map h : X — » E, we get a commutative 
diagram of surjective holomorphic maps 



1 -> K -> G -> 7r? r6 (C) -> 1 



X- 



h 



E 




C 
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where C is a compact curve, / has connected fibers, and g has finite fibers. In particular, 
C is of positive genus. Applying Lemma 1.1, we get the exact sequence 

1 -> K -> F = 7Ti(X) -> 7r° rb (C) -> 1, 

where F is finitely generated. Thus F/K = 7r° rb (C). Now F is not cocompact Fuchsian. 
For, if F were cocompact Fuchsian, then, since F is torsion-free (property 1), F would be 
the fundamental group of a curve of genus at least 2 and hence F would have Abelianization 
of rank at least 4 (contradicting property 4). F also cannot be isomorphic to Z 2 because the 
subgroup F com is not finitely generated (property 2). Thus K is nontrivial and, therefore, 
K contains the commutator subgroup F com (property 3). Therefore 7r° rb (C) is a quotient of 
the Abelianization F/F com = Z 2 . In particular, since cocompact Fuchsian groups are non- 
Abelian, 7r° rb (C) must be isomorphic to Z 2 and hence cannot be isomorphic to a proper 
quotient of Z 2 . Thus we must have 7r° rb (C) = F/F com ; that is, K = F com . But this is 
impossible because F com is not finitely generated (property 2). □ 

2. Second proof 

We first consider the following: 

Theorem 2.1. Given a connected compact Kdhler manifold X and an exact sequence 

(*) 1 _> JV _> ^(X) A Z -> 1 
with N not finitely generated, we get an exact sequence 

(**) i -> k -> tti(x) -> r -> i, 

where V is a cocompact Fuchsian group of a curve of positive genus and K is finitely 
generated. 



Proof. By Theorem 4.3 of |NR \ . there is a surjective holomorphic map with connected 
fibers to a curve of positive genus / : X — » C and a factorization 

TlW — 




By Lemma 1.1, we have an exact sequence 1 — > F — > 7Ti(X) — >■ 7r° rb (C) — >■ 1, where F 
is finitely generated. Since K is finitely generated but N is not, ker(p') = N/K is not 
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finitely generated. It follows that T = ir° Tb (C) is a cocompact Fuchsian group, since every 
subgroup of Z 2 is finitely generated. □ 

Proof of Theorem 0.2. It suffices to prove that G is not Kahler, because any finite covering 
of a compact Kahler manifold is compact Kahler. If there exists a connected compact 
Kahler manifold X with iri(X) = G, then, since G is a properly ascending HNN extension 
(property (ii)), we get an exact sequence of the form (*) as in Theorem 2.1 and, therefore, we 
get an exact sequence of the form (**). If K is nontrivial, then K contains the commutator 
subgroup (property (i)). But a cocompact Fuchsian group cannot be Abelian, so we arrive 
at a contradiction. UK is trivial, then G is cocompact Fuchsian and, therefore, by Malcev's 
theorem, residually finite; i.e. for any element g ^ 1, there is a finite homomorphic image 
of G in which the image of g is not the identity (for an elementary proof, see [AlJ). Taking 
9 ^ G com \ {1}, we get a non-Abelian finite homomorphic image. Thus we again arrive at 
a contradiction to property (i). Therefore, G is not Kahler. □ 
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